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Introduction 

The notion of a coring was introduced by M. E. Sweedler in [2U] with the objective of 
formulating and proving a predual to the Jacobson-Bourbaki theorem for extensions of 
division rings. A fundamental argument in [20J is the following: given division rings E C. A, 
each coideal J of the A-coring A (g>£ A gives rise to a factor coring <L = A ®e A/ J . If 
g G £ denotes the group-like element 1 ®# 1 + J, then D = {a e A : ag = ga] is an 
intermediate division ring E C D C A. Moreover, we have the canonical homomorphism 
of A-corings ( : A®£>A — > (t which sends 1®£>1 onto g. It follows from [20, 2.2 Fundamental 
Lemma] that ( is an isomorphism of A-corings. This fact is basic to establish the bijective 
correspondence between coideals of A ®e A and intermediate extensions E C D C A |2*TH 
Fundamental Theorem]. Sweedler's fundamental Lemma just referred can be replaced by 
the fact that the coring A(B)dA turns out to be simple cosemisimple ^3 Theorem 4.4], 
Theorem 3.2, Theorem 4.3], [HI 28.21] or, alternatively, that A is, as a right CC-comodule, 
a simple generator of the category of all right £-comodules. Thus, we see that what is 
behind |2()| 2.1 Fundamental Theorem] can be expressed in categorical terms. In fact, this 
idea has been recently exploited to state a generalization of Sweedler's theory for simple 
artinian rings 8\. In this work we show that the idea of obtaining an isomorphism of 
corings from categorical properties can be ultimately formulated in terms of comonads. 

Each group-like element g of a coring € over a ring with unit A gives jH] a canonical 
homomorphism of A-corings can : A®bA — ► (£, which sends onto g, where B is the 

subring of A consisting of all (yf-coinvariant elements, and A £*Db A is the Sweedler canonical 
coring [20] • The group-like element g also provides a pair of adjoint functors between the 
category Mod B of right £>-modules and the category Comodg; of right (£-comodules 0. 
The left adjoint is defined as a tensor product functor Mod# — > Comod c , using 
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the right £-comodule structure defined on A by g. The right adjoint may be interpreted as 
the functor Hom^A, — ) : Comodg; — > Mod#. T. Brzezihski proves Theorem 5.6] that, 
with € flat as a left A-module, this adjunction is an equivalence of categories if, and only 
if, £ is Galois (i.e., can is an isomorphism) and A is faithfully flat as a left 5-module. The 
canonical map can can be interpreted as a comonad in the following way: The A-coring 
€ gives rise to a comonad on Mod^ built over the functor — ®^ £ [HJ 18.28]. On the other 
hand, the adjunction associated to the ring extension B C A determines [TJ Section 3.1] 
another comonad on Mod^- In this way, the canonical map can leads to an homomorphism 
of comonads — ®a can : — <S>a A®b A ^ — ®a <£■ If (£, g) is a Galois coring, then these 
comonads are isomorphic and the functor — <S>b A : Mod# — > Comode; is, up to natural 
isomorphisms, the Eilenberg-Moore comparison functor Section 3.2]. Thus, one of the 
implications of [3J Theorem 5.6] may be obtained as a consequence of Beck's Theorem JT[ 
Section 3.3]. This seems not to be the case of the reciprocal implication. In fact, to deduce 
that the canonical map can is an isomorphism from the fact that — ®bA : Mod# — ► Comodg 
is an equivalence one needs an independent argument, which rests on precise relationship 
between the canonical map and the counit of the adjunction given by the functors — ®b A 
and Hom c (v4, — ). More precisely, to deduce that <£ is Galois, it is enough to assume that the 
counit is an isomorphism |6 ( 18.26], [TTj Lemma 3.1], arising the condition of being Galois 
as part of a characterization of the full and faithful character of the functor Hom^A, — ) 
|Bl 18.27], Theorem 3.8], fTJ Remark 3.7]. In fact, the referred results are proved in 
the more general framework of the comatrix corings, introduced in [TTJ, where the role 
of the group-like element g is played by a right (t-comodule £ which is finitely generated 
and projective as a right module over A, and B = End(S ff ). The generalization of jSl 
Theorem 5.6] in this framework was proved in ^TJ Theorem 3.2]. Our aim in this paper 
is to investigate which aspects of these results admit a formulation in terms of comonads. 
This approach hopefully will permit of focusing in what is specific in each particular future 
situation, having some relevant general results for granted. 

Starting from a comonad G on a category A, and a functor L : B — > A with a right 
adjoint R : A — > B, there is a bijective correspondence between functors K : B — > Ac that 
factorize throughout L and homomorphisms of comonads (p : LR — >• G jHl Theorem II. 1.1]. 
The notation K v will be used to refer to this dependence. Moreover, it can be deduced 
from Theorem A.l] that K v : B — > Ac admits a right adjoint D v : Ac — > B under 
mild conditions. We indicate elementary proofs of these facts, with the aim of making 
them more accessible to non specialists in Category Theory (see Proposition ll.il Theorem 
11.21 and Proposition II. 3j) . We will prove that D v is full and faithful if and only if if is 
an isomorphism and L preserves some equalizers (Theorem II .6j) . and we will conclude our 
general results by characterizing when K v establishes an equivalence between the categories 
B and Ac ( Theorem II. 7|) . Obviously, the functors characterized in this way are, a fortiori, 
comonadic but, in contrast with the approach of Beck's Theorem, the comonad G is here 
given beforehand, and each functor corresponds to a "representation" of G. Beck's 
theorem deals with the situation where ip is the identity, that is, G = LR is the comonad 
associated to the adjunction. 

Our point of view is motivated in part by the situation where an entwining structure 
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between an algebra and a coalgebra is given, together with an entwined module j^j. The 
comonad G is then given by the coring associated to the entwining structure jSl Section 
2], and the functor K v is defined by an entwined module, which is noting but a comodule 
over the aforementioned coring. It seems natural to study the relationship between the 
category of entwined modules and the category of modules over the subring of coinvariants 
defined by the entwined module and, in particular, what the structure of the comonad G 
is when these categories are equivalent. 

We will apply our general theory to the study of comodules over corings over firm rings. 
This illustrates how the results on comonads given in the Section significantly simplify 
the treatment of some relevant aspects of the comatrix corings and the Galois comodules 
investigated in [IT], ^3] or [22] • We show how the notion of Galois comodule without 
finiteness conditions as introduced in [22] fits perfectly in the general categorical setting. 
We derive, in particular, some new results on full and faithful functors and equivalences 
between categories of modules and comodules given by Galois comodules without assuming 
a priori finiteness conditions (Theorem 12. 3\ Theorem 12. 5jl . 



1 Functors with values in coalgebras and homomorph- 
isms of comonads 

Let (G,A,e) be a comonad (or cotriple) on a category A, that is, a functor G : A — > A 
together with two natural transformations A : G — > G 2 and e : G — > id^ such that the 
diagrams 

A „ n ^ eG ^r. Ge 



G 

A 

G 



G 2 



G 



GA 



AG 



G 3 




G 



are commutative [10], [H Chapter 3]. We will follow as much as possible [I], understanding 
each statement on monads (triples) automatically as its version for comonads. Consider 
a functor L : B — > A with a right adjoint R : A — > B. If r\ : ids ~^ is the unit of 
the adjunction, and e : LR — > id^ is its counit, then we have jU Proposition 3.1.2] the 
comonad (LR, 5, e) on A, where 5 = Lr/R. Let us recall the category Ac of G-coalgebras [H 
Section 3.1], whose objects are pairs (X, x) consisting of an object X of A and a morphism 
x : X — > GX such that 



Gx o x = A x ox, ex ° x = id 



x 



Given G-coalgebras (X, x), (X', x'), the morphisms / : X — > X' in A such that Gf o x 
x' o f form the set of homomorphisms Hom_4 G (X, X') in Ac from (X, x) to (X', x'). 
Let U : Ac — > A denote the forgetful functor. We will consider those functors K : B - 
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Ac such that the diagram 



B 



K 



A, 




G 



U 



(1) 



A 



is commutative. We are specially interested in the case where K provides an equivalence 
of categories between B and Ac- We start by giving an elementary proof of the bijective 
correspondence, formulated in [9, Theorem II. 1.1], between the functors K that make 
commute the diagram Q and the homomorphisms of comonads ip : LR — > G. This 
correspondence will be a consequence of the following Proposition ll.il which, in addition, 
establish some technical facts that will be needed later. Recall PjJ Section 3.6] that a 
homomorphism of comonads from LR to G is a natural transformation if : LR — > G such 
that Aip = ip 2 5 and e<p = e. The one-to-one correspondence between the mathematical 
objects described in the statements (A) and (C) of Proposition 11.11 can be deduced from 
Proposition II. 1.4]. 

Proposition 1.1. There exist bijective correspondences between: 

(A) Homomorphisms of comonads from (LR, LrjR,e) to (G,A,e). 

(B) Natural transformations R — RG such that the following diagrams commute: 



R 



RG 

RA 



RG RG 2 




(2) 



and 

(C) Natural transformations L ■ 



GL such that the following diagrams commute: 



GL 

AL 



GL G 2 L 



L 




(3) 



Proof. We first prove the one-to-one correspondence between the natural transformations 
described in (A) and (B). Given a homomorphism of comonads if : LR — > G, define the 
natural transformation 

(4) 



r)R Rip 

R r~ ^ RLR **■ RG 



4 



To check that the first diagram in (J2J) commutes, consider an object X of A and compute: 

RA X oa x = RA X o Ripx o r] RX 

= R(p x ° RLrjnx o rjRx (y? is °f comonads) 

= Rifax ° RLRipx o RL7] R x ° %x (y?x = V?gx ° LR<p x ) 

= ifycx o RLRifx a Vrlrx ° %x (?? is natural) 

= Rifax ° %gx o ^Vx o %x (?7 is natural) 

= a GX ° olx 

For the second diagram in (J2J), we have: 

itex ° «j = ifex ° -R^x ° 7] RX 

= Rex ° ?7,rx (v 9 is of comonads) 

= id,Rx (by the adjunction) 

Conversely, given a natural transformation a : R — > i?G satisfying (JSJ), we define the 
natural transformation 

LR-^LRGj^G (5) 

To show that defined in (JSJ), is a homomorphism of comonads, we need to use that, for 
each object X of A, one has the identities 

fx = e G 2 x ° La GX o L,Re G x o LRLa x (6) 

and 

y? x = Ge G x ° GLax o e GjLjR x ° La RL x, 
by definition of if 2 . Do the following computation: 

<P x oLt)rx = e G 2 X o La GX o LRe GX o LRLa x o Li]R X (by©) 

= € g 2 x ° La G x o LRe G x ° Li]r G x o Lax {v is natural) 

= e G 2 X o La G x o La x {Re G x ° ^gx = id RGX ) 

— e G 2 x ° LRAx ° £«i ° ax = -RAx ° a^) 

= Ax o e G x ° Lax (e is natural) 
= Ax o v9x 

This proves that the first condition for ip to be a homomorphism of comonads holds. For 
the second condition, we compute as follows: 

e x o (fx = e x ° e G x ° i«i 

= ex ° LRe x ° i«i (e is natural) 

= ex (ifex ° «x = i(i R x) 

Now, let if : Li? — > G be a homomorphism of comonads and consider the natural trans- 
formation a : R —> RG defined in (J3J). If we consider the homomorphism of comonads, say 
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<p', defined, from this a, in (jSJ), then we will see that it coincides with the original ip. For 
this, we compute, for an object X of A: 



= e cx ° La x 

= (-gx ° LRipx ° Lr] RX 

= Px ° £lrx o Lr] RX (e is natural) 

= <Px 

Finally, we have to see that, given a natural transformation a : R — > RG subject to (0), 
and defining first ip according to (0), and the new natural transformation, say a', by (@J), 
we reobtain the original a. This follows from the following computation, for X an object 
of A: 

a' x = Ripx ° Vrx 

= Recx ° RLax ° Vrx (v is natural) 
= R^GX ° Vrgx ° «x 
= ax 

The correspondence between the natural transformations described in (A) and (C) can be 
proved in a similar way (details can be found in Proposicion 1.1]). The assignment 
goes as follows: starting from a homomorphism of comonads ip : LR — > G, we define the 
natural transformation 

L zrr^ LRL GL (7) 



which turns out to make commute the diagrams (JHJ). Conversely, to each natural trans- 
formation (3 : L — > GL making commute the diagrams in (jHJ) , we assign the homomorphism 
of comonads <p given by 

LR^GLR^G (8) 



□ 

Given a homomorphism of comonads <p : LR —>■ G, and the corresponding natural 
transformation (3 given by (J7J), we can define the functor K v : B — > Ac defined as 

K V Y = (LY, f3 Y ) = (LY, p LY o L Vy ) 

on objects Y of B, and as K v f = Lf on morphisms / of B. The diagrams (JHJ) show that 
(LY, (3y) is a G-coalgebra and the naturalness of f3 implies that Lf is a homomorphism 
of G-coalgebras. This functor K v satisfies that UK^ = L. Conversely, given a functor 
K : B — ► Aq making commute the diagram ((TJ), define, for each object Y of B, /3y : LF — > 
GLF as the structure morphism of the G-coalgebra KY . It is easy to check that this 
assignment defines a natural transformation (5 : L — > GL which makes commute (J3J). We 
thus deduce from Proposition ll.il 
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Theorem 1.2. |3 Theorem II. 1.1]. Given a comonad G on a category A, and a functor 
L : B — > A, if L has a right adjoint R : A — > B, then there exists a bijective correspondence 
between functors K : B — > Ac making commute (0) and homomorphisms of comonads 
(f : LR — > C 

The situation described in Proposition II. II requires a suitable terminology. Thus, given 
a homomorphism of comonads <p : Li? — > G, we will refer to the natural transformations 
a : R — > RG and j3 : L — > GL as the co-induced representation (resp. induced repres- 
entation) of When the starting datum is either a natural transformation a subject to 
the conditions (J2J), or a natural transformation /3 making commute the diagrams in (J3j), 
then the corresponding homomorphism of comonads : LR — > G will be called canonical 
transformation associated to a (resp. /3). 

We next study when K v has a right adjoint. The following Proposition II. HI can be 
deduced from [01 Theorem A.l]. We give an elementary proof in our case. 

Proposition 1.3. Assume that for every G-coalgebra (X,x) there exists in B the equalizer 
of the pair of morphisms ax, Rx : RX — > RGX. Then the functor : B — > Ac has a 
right adjoint D v : Ac — > B, whose value at (X, x) is the equalizer 

D X ^ ^R X ^ t RGX (9) 

Rx 

Proof. Given objects X of A and Y of B, denote by $ : Hom^(LF, X) — > Rom B (Y, RX) 
the isomorphism of the adjunction, which, in terms of the counity rj, is defined by <&(h) = 
Rh o t]y for h : LY — ► X. Consider the following commutative diagram of maps between 
sets: 

Hom_4 G (K V Y, X) — — — "~— — >- Hom B (Y, D V X) (10) 



Hom^(LF,X) 



G(-)o/3y 



Rom A (LY, GX) 



Rom B (Y,RX) 



Rom B (Y,Rx) 



Homg(y,«x) 



Rom B (Y, RGX), 



where T is given by the restriction of <3? to Hom_4 G (i^ Y, X). In fact, the bottom square 
commutes serially, in the sense of [TJ page 112] (a detailed verification can be found in 
[TH Proposicion 2.1]). Now, the vertical edges are equalizers, the left one by definition 
of homomorphism of G-coalgebras, and the right edge by the universal property of the 
equalizer (JHJ). Hence, the natural isomorphism $ : Hom^LY, X) — > Hom^Y, RX) induces, 
by restriction, a natural isomorphism T : Hom^ G (^ Y, X) — > Rom B (Y, D^X). □ 

Remark 1.4. If we put in the diagram (fTUj) X = K^Y, for an object Y of B, since idx v Y 
is a homomorphism of G-coalgebras, we get that rjy = ^(idx^y) factorizes throughout 
D^K^Y . In this way, the unit of the adjunction K v H D v , denoted by ff, is uniquely 
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determined at Y by the universal property of an equalizer, according to the following 
diagram: 

OILY 

RLY =£ RGLY (11) 



D V K V Y 



'IY 



>1Y 



RPy 



Y 



To make explicit the counit (Tat an object (X,x) of Ac, take Y = D V X in diagram (|10|). 
Then we obtain the morphism 

e x = "£~\id Dv x) = ^(eq x ) = £x° £eg x 
which is of G-coalgebras in view of (jlOjl . This situation is resumed by the diagram in A: 

Leq x Lax 



K V D^X 



ex 



LRX 

ex 



LRx 



LRGX 



(12) 



well understood that the underlying object in A of K^D^X is, by definition, LD^X. 

Our next aim is to prove that D v is a full and faithful functor if and only if (p is an 
isomorphism of comonads and the functor L preserves the equalizers 

Lemma 1.5. Assume that the equalizer (^J) exists for every G-coalgebra (X,x). Then the 
following diagram 



LD V X 



Leq x 



La j 



ex 



LRX: 

<PX 



X 



GX 



LRx 
Ax 



LRGX 

<PGX 



(13) 



Gx 



G 2 X 



is (serially) commutative. 



Proof. That the right square commutes serially is an easy consequence of the naturalness 
of if and of the fact that it is a homomorphism of comonads. For the commutativity of 
the left square, we do the following computation: 

x o e~x = x o ex ° Leqx 

= €qx ° LRx o Leqx (e is natural) 

= €gx ° Lax ° Leqx ( ec Lx equalizes (Rx, ax)) 

= e GX o LRipx o L7] R x ° Leq x 

= ¥x ° £lrx ° ° -^egx (e is natural) 

= y2 X o Legx 



□ 
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We are now ready to state the main result in this section. Recall that a right adjoint 
functor is faithful and full if and only if the counit is an isomorphism [2J Proposition 3.4.1] 



Theorem 1.6. Let L : B — > A be a functor admitting a right adjoint R : A — > B, and 
let G : A — > A be a comonad. Consider a functor K v : B — > Ac that makes commute 
(JTJ with corresponding homomorphism of comonads if : LR — > G, and let a : R — > RG, 
(3 : L —>■ GL be its representations. Assume that for every G-coalgebra (X,x), there exists 
in B the equalizer of ax,Rx. Then the right adjoint D v : Ac — > B to the functor K v 
is faithful and full if and only if L preserves the equalizers of the form © and if is an 
isomorphism of comonads. 

Proof. Let X be any object of A. An easy computation shows that 



is a contractible equalizer in the sense of Section 3.3]. The equalizer (fTl^ shows that 
e <?GX = a x an d D^GX = RX. From this, by applying the functor L to ()14J) . and taking 
(1T2J) into account, we get that eax = ^GX°Lax = fx- Thus, if D v is full and faithful, then 
^gx = fx is an isomorphism for every G-coalgebra (X, x) . Moreover, since the bottom 
row in the commutative diagram (JT3j) is an equalizer jT| Proposition 3.3.4], we get that its 
top row is an equalizer as well. This means that L preserves the equalizers of the form Q. 
Conversely, if ip is an isomorphism and L preserves all equalizers of the form @, then, 
by Lemma II. 5[ ex is an isomorphism for every G-coalgebra (X, x) , whence D v is full and 
faithful. □ 

Any isomorphism of comonads if : LR — > G induces [U Theorem 3.3] an equivalence of 
categories Alr — Ac- By combining this fact with Theorem 11.61 and Beck's Theorem pi 
Theorem 3.10], we may obtain Theorem 11.71 We prefer to include here an explicit proof. 

Theorem 1.7. Let L : B — > A be a functor with a right adjoint R : A — > B, and 
G : A — » A any comonad. Consider a functor K v : B — > Ac that makes commute (JTj) 
with the corresponding homomorphism of comonads if : LR —>■ G, and let a : R — > RG, 
(3 : L —>■ GL be its representations. Assume that for every G-coalgebra (X,x), there exists 
in B the equalizer of ax, Rx. Then the functor K v is an equivalence of categories between 
B and Ac if and only if L preserves the equalizers of the form reflects isomorphisms, 
and if is an isomorphism of comonads. 

Proof. We first observe that for every object Y of B, the unit ffy of the adjunction K v H 
stated in Proposition 11.31 is given, according to the Remark 11.41 by the equalizer in the 



RX 



RGX 




RG 2 X 



(14) 




RGe x 
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horizontal row in the commutative diagram 



DyKyY 



ELY: 




(15) 




RPy 



RGLY 



If we apply the functor L to the commutative diagram (|15jl we obtain the diagram 



LD V K^Y 



CLRLY^ 

LRLRLY 




(16) 



LRLr/YLaj 




LRLY 



LRf3y 



■ LRGLY 



commutative as well. Here, the morphisms €lrly and €ly make the diagonal row a con- 
tractible equalizer. If K v is an equivalence of categories, then its right adjoint D 9 is 
obviously faithful and full and, by Theorem II. 6[ ip is a natural isomorphism and L pre- 
serves the equalizers of the form Q. Since the forgetful functor Uq : Ac — > A reflects 
isomorphisms 1, Proposition 3.3.1], we get from L = Uq ° K v that L reflects isomorph- 
isms. Conversely, if <p is a natural isomorphism and L preserves the equalizers (JHJ) and 
reflects isomorphisms, then, by Theorem II .6| the counit of the adjunction K v H D v is an 
isomorphism. From the diagram (fTKJ) we deduce that Lffy is an isomorphism and, since L 
reflects isomorphisms, rfy must be an isomorphism. We have thus proved that the unit of 
the adjunction K v H is also a natural isomorphism. Therefore, K v is an equivalence of 
categories. □ 



2 Corings over firm rings 

Let A be a ring, which is not assumed to have a unit. By Modyi we denote the category of 
all right A-modules. We may also consider left modules or bimodules over different rings. 
The tensor product over A will be denoted by — ®a — • A right A-module M is said to 
be firm JH] if the "multiplication" map w\ t : M ®& A — > M is bijective. Its inverse will 
be denoted by d\ f : M — > M <S>a A. Left firm A-modules are defined analogously, with 
notations and d^ for the "multiplication" map and its inverse, respectively. Obviously, 
w\ = tu^, which implies, in case of being bijective, that d\ = d~ A . We will say then that A 
is a firm ring. If A is firm, then the full subcategory Mod^ of Mod^ whose objects are all 
firm modules is abelian [THl (4.6)], [IEJ Corollary 1.3], 17, Proposition 2.7], even thought, 
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in general, that equalizers cannot be computed in Abelian Groups, due essentially to the 
lack of exactness of the functor — <Sia A. 

Let A be a firm ring. An A-coring is a coalgebra in the monoidal category of all firm 
A-bimodules (see, e.g., [BJ 38.33]). Explicitly, an A-coring is a firm A-bimodule £ endowed 
with two homomorphisms of A-bimodules Ac : € — ► € ®a and £<r : £ — > A that satisfy 
the equations: 

(€ ®a A c ) o A £ = (A c ® A £) o A c (17) 

(e £ ® i C)oA £ = (i-, (€ ®a ee) o A c = d+ (18) 

In (jTTjl we have considered the canonical isomorphism £ ®a (<£ ®a <£) — (£ ®a £) ®a £ as 
one equality, denoting the "common value" by £ ® a £ ® a When A is unital, we recover 
the original definition from [20J. A direct computation, using (JT7j) and (JTHJ), shows that 
each A-coring ((£, Ac, £c) determines a comonad on Mod^ defined by the functor 

- ® A £ : Mod A Mod A 

and the natural transformations 

- ® A £ ~ 0AAg * - ®a g ®A g 



- ®a £ A C r — (8> a A = id 

The category of coalgebras for this comonad is the category Comodc of all right (£- 
comodules. 

Let B be a firm ring, and a firm B — A-bimodule E. Arguing as in |TJ5], we have a pair 
of adjoint functors 

Mod B ; ? ModA, -® B SHHom A (E,-) ® B B (19) 

HomA(S-)® fl B 

which is obtained by composing the adjunctions 

Mod B < ? ModA, -®jjSHHom A (S,-) 

Hom A (E,-) 

and 

Mod B i ; Modg, JH-® B 5 

where J : Mod# — ► Mods is the inclusion functor. It will be useful to give explicitly the 
unit and the counit of the adjunction (|19p. To do this, given y G F for K a right firm 
5-module, we will use the notation dy(y) = y b ®sb G Y ® B B (sum understood). Of 
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course, this element of the tensor product is determined by the condition y b b = y. The 
counit of the adjunction is 

VV.Y ^Rom A (Z,Y® B Z)® B B, VY (y) = (y b ® B -) ® B b, (20) 

and the unit 

e x :Rom A (i:,X)® B B® B Z -X, e x (f ® B b ® B u) = f{bu) . (21) 

We have then the associated comonad 

(Hom j4 (S, -) ® B B B E, % omA(s ,-) 9b b ®b S, e) 

Assume we have a structure of B — £-bico module over E, that is, a homomorphism of 
B — A-bimodules : S — ► E ®^ <£ such that 

(te®A^te = (S®AA £ )o fe (E ® A e e ) o o E = d+ (22) 

It follows from ()22|) that the natural transformation 



/3: 



® B E O a £ 



(23) 



satisfies the conditions of the statement (C) of the Proposition 11.11 and, therefore, it gives 
rise to a canonical homomorphism of comonads can defined by the composite 

Hom^E, -) ® B B ® B E HomA(S '" ) ^^ Bg : H Hom A (E, -) ® B B ® B E ® A £ 




or, using a simplified version of Heynemann-Sweedler's notation, we have, for each right 
-B-module X: 

can x 



Hom j4 (E,X) ® B B® B Y^ 



f<S) B b® B u i *~ f{bu[o]) ®a «[i] 

where ^s(it) = upi £3>a (sum understood). 

We can now apply Proposition II .31 and Theorem II .61 to obtain: 

Theorem 2.1. The functor — ®_b S : Mod B — » Comod£ /ias a n'g/it adjoint 

Hom c (E, —) ® B B : Comode >- Mod B 

This functor is faithful and full if and only if can is a natural isomorphism and — ®b E : 
Mod B — > Mod^ preserves the equalizer 

ax 

Hom £ (E, X)® B B Honu(E, X) ® B B =»: Hom A (E, X ® A £) ®b B 

Hom A (S, q x )®bB 

(24) 

/or even/ n<?/rf (t-comodule (X, qx), where ax(f ®b 6) = [(/ <8>a /or f ® B b €L 

Hom A (E,X)® B B. 
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Proof. It is enough to check that, in the present situation, ax, as defined in (JH), is given 
as in the statement of the theorem, and that — ®b B : Mod# — > Mod# is left exact since 
it is right adjoint to the inclusion functor J : Mod# — > Mod^. □ 

Theorem II . 71 has the following consequence: 

Theorem 2.2. Let £ be a B — <L-bicomodule. The junctor — ®b E : Mods — > Comodg; 

an equivalence of categories if and only if — ®b E : Mods — > Mod A preserves the 
equalizers of the form (j2U), reflects isomorphisms, and the canonical transformation can is 
an isomorphism. 

Every right C-comodule £, is a T — £-bicomodule, where T = End(£g;). Of course, in 
this case we have a natural isomorphism Hom^E, — ) (giyT — Hom A (£, — ). Following [22], 
we will say that E is a Galois <£-comodule when can : Hom^E, — ) £g>T £ — > — (Su € is an 
isomorphism. More generally, if £ is a 5 — £-bicomodule firm asaB - A-bimodule, then 
we have a homomorphism of rings A : B —>■ T. Assume that B is a left ideal of T (that is, 
that the image under A of B is a left ideal or T). By [TBI Lemma 4.10, Lemma 4.11], we 
have a commutative diagram of natural transformations: 

Hom A (£, -) ® B B ® B £ = Hom A (£, -) ® T £ (25) 




- ® A £ 



Therefore, £ is a Galois right £-comodule in the sense of [22] if and only if 

can : Hom A (£, -) ® B B ® B £ -> - ® A C 

is an isomorphism. Obviously, Theorems 12.11 and 12.21 can be formulated in the case where 
B = T = End (Eg;), characterizing then when Homg;(£, — ) : Comodg; — ► Mody is full and 
faithful or it gives an equivalence of categories. This evokes Gabriel-Popescu's Theorem 

m, 

A left module M over a firm ring R will be said to be flat if the functor — ®r M : 
Mod/? — > Ab is exact, where Ab denotes the category of abelian groups. 

The following theorem gives a general version, in the sense that no finiteness condition 
is assumed a priori on the comodule E, of |U Theorem 2.1.(1)], j?l Theorem 3.8], |HJ 18.27], 
|15| Theorem 4.9]. 

Theorem 2.3. Let E be a B — (t-bicomodule, where A is unital and € is an A-coring, flat 
as a left A-module. Assume B to be firm, and that #£ is a firm module. If B is a left 
ideal ofT = End(£g;) ; then the following statements are equivalent 

(i) The functor Honig;(£, — ) : Comodg; — > Mod^ is full and faithful; 

(ii) E is a generator of the category Comodg;; 
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(Hi) can : Honi£(E, — ) ®t E — > — (EU £ an isomorphism, and yE /Zai; 

(u^ can : Hom^(E, — ) ®b B ®b E — > — ®a £ an isomorphism of comonads on Mod^ 
and #E is flat; 

(v) the functor Hom^E, — ) ®_b B : Comod<r — > Mod# is full and faithful. 

Proof. By [T2"l Proposition 1.2], is flat if and only if Comodg; is a Grothendieck category 
and the forgetful functor U : Comod^ — > Mod^ is exact. 

(0) -v^ (JnJ) is a consequence of Gabriel-Popescu's Theorem [TBI Cap. Ill, Teorema 9.1.(2)]. 
(luj) =>- (pH|) By Theorem 12 .1) with £? = T, E is a Galois CC-comodule. By Gabriel-Popescu's 
Theorem ^SJ Cap. Ill, Teorema 9.1.(3)] the functor — ®t E : Modj- — > Comode is exact. 
Since {/ : Comodg; — > Mod^ is exact, we get that tE is flat. 
(JmJ) =>. (0) By Theorem O with B — T. 

fjiiijl =>■ (Jivj) In view of diagram (j23J) . can : Houu(S, — ) ®_b -B ®b E ^ — Cgu £ is an 
isomorphism. We have proved that (jmj) is equivalent to (pijl . Therefore, we deduce from 
[13 Proposition 4.13] that #E is flat. 
(EvJ) (jvj) By Theorem O 

(jvj) =>• © Follows by the standard argument: For any right CC-comodule X, take a free 
presentation — > Honi£(E, X) — > 0. After tensoring on the right by £? <S>s E, and taking 
that T®_bB = £? [03 Lemma 4.10] into account, we get a presentation E^ — > X — > 0. □ 

Lemma 2.4. Lei E 6e a B-C-bicomodule, where B is a firm ring. Assume that E is firm 
as a left B -module. If the counit of the adjunction — ®b E H Hom^E, — ) ®# £? evaluated 
at B is surjective, then B is a left ideal ofT = End(E(r). 

Proof. The proof of the implication (iv) => (v) of fSl Theorem 4.15] runs here: In view of 
(120)1 and Remark |l.4[ the hypothesis says that the map 

r]B : B Hom ( r(E, B ® B E) ® B B, r} B (b) = {b c ® b -)®bc 

is surjective. By composing i]b with the isomorphism Hom^E, B ®# E) = Hom£(E, E) ®_b 
B = T ®b B, we obtain that every element of T ®b B is a finite sum of elements of the 
form b c ■ ®bc Thus, B is a left ideal of T. □ 

Theorem 2.5. Lei E be a B — (t-bicomodule, where A is unital and € is an A-coring, flat 
as a left A-module. Assume B to be firm, and that #E is a firm module. The following 
statements are equivalent: 

(i) The functor — ®b E : Mod# — > Comodc is an equivalence of categories; 

(ii) can : Hom^E, -) — > — Cg>^ € is an isomorphism, and #E is faithfully flat; 

(Hi) E is a generator of Como6<r such that the functor — ®b E : Mod# — » Comodc is full 
and faithful; 
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(iv) X is a generator of Comodir such that the functor -%E : Mod# — * Comodc is 
faithful and B is a left ideal of T . 

Proof. (0) =>- (jlij) can is an isomorphism by Theorem 12.21 By ^21 Proposition 1.2], the 
forgetful functor Comodc — > Mod^ is faithful and exact. Therefore, the functor - %E: 
Mods — > Mod^ is faithful and exact. 
© © By Theorem E2 

(0) =>- (jmj) Since £? is a generator of Mods, £ = B ®b S is a generator of Comodg;. 
IpSjl =^ (pvjl By Lemma El 

(EB ^ © Tne forgetful functor Comod £ — > Mod^ is faithful. Therefore, : Mod B — > 

Mod^ is faithful. By Theorem 12.31 #£ is flat and can is an isomorphism. □ 

Remark 2.6. Theorem 12.51 shows, in conjunction with Theorem 12 .3| that if — ®b X : 
Mods — > Comod c is an equivalence of categories, then E is a Galois comodule in the sense 

of 1221- 

In the particular case where B is unital and Ha is finitely generated and projective, we 
have a natural isomorphism 

v : Hom A (S, -) ® B B = - ® A XT (f® B b^ /(be*) (gU e*) 

where S* = Hom^(S,A), and {(e^e*)} is a finite dual basis for S^. We have then the 
adjoint pair -® B SH- <S>a X* and the associated comonad — <S>a S* ®b S on Modyl- In 
particular, S*®^S is an A-coring, the comatrix coring associated to the bimodule b^a ( see 
[TTj). If £ is a _B-£-bicomodule, then we have a commutative diagram of homomorphisms 
of comonads 

Hom^E, -) ®b £ ®b £ — --® A £*® B £ (26) 

where can(0 ®b m) = 0(m[o])m[i] for <8>s m G S* ®b £ is a homomorphism of A-corings 
from £* ® B StoC (see |TT] ) . 

Corollary 2.7. liif Theorem 3.2, Theorem 3.10] Let £ be a B — <Z-bicomodule, where 
B is a unital ring and <£ is a coring over a unital ring A. The following statements are 
equivalent: 

(i) a& is flat and the functor — ®# £ : Mod# — > Comodg; is an equivalence of categories; 

(ii) T,a is finitely generated and projective, the canonical map can : £* £g) B £ — ► <Z is an 
isomorphism, and gE is faithfully flat; 

(Hi) a& is flat, £ is a finitely generated projective generator of Comodir, and A : B — > T 
is an isomorphism. 
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Proof. (0) =>> (jmj) The equivalence of categories preserves finitely generated and 

projective generators, whence E = .B(g)£Eisa finitely generated projective generator of 
Comode- On the other hand, by Theorem 12. 5[ B is a left ideal of T. Since B is a unital 
subring of T, we must have B = T. 

(jmj) =>- (Jul Since the forgetful functor [/ : Comode — > Mod A has an exact right adjoint 
— £g>A £ which preserves colimits, U preserves finitely generated and projective objects. 
The rest follows directly from Theorem 12.51 and diagram (|26p. 

(Jul =>■ © Since can is an isomorphism, and the left A-module E* (g># E is flat, we get 
that A € is flat. That — ®b E is an equivalence of categories follows from Theorem 12.51 and 
diagram (J2HJ). □ 

Remark 2.8. It follows from Corollary 12.71 that if — ®# E : Mods — > Comodc is an 

equivalence, and B is unital, then the coring € is Galois in the sense of ^T] (or E is a 
Galois comodule as in that is, can : E* ®t E ^ £ is an isomorphism. 

Next, we will derive some fundamental results of ^H]. Write E* = Hom A (E,A), and 
assume that A is a ring with unit. The 5-bimodule S = E ®a E* has the structure of a 
S-ring (without unit, in general), with associative multiplication given by 

n(x® a4>® bu® a4>) = x(f)(y)(g)A^P = x® A 4>{y)i>i {x® a 4>®bu®a4> e E<g> A E*<g> B E<g> A E*) 

The map S — *> End(E A ) sending x® A <p onto the endomorphism y i— > x(f)(y) is a homomorph- 
ism of S-rings. In particular, E is an S 1 — A-bimodule. Analogously, the homomorphism 
S — > End( A E*) that maps y ®a ^ to the endomorphism i— > (p(y)ip is a homomorphism 
of £>-rings, and E* is then an A — 5-bimodule. The situation studied in ^H] begins with 
a homomorphism of rings i : R —>■ S, where R is a firm ring. We will use the notation 
i{r) = e r <S>k e* for r G R (sum understood). By restriction of scalars, E is then an 
R — A-bimodule, with the left action of R defined explicitly by ru = e r e*(u), for r £ R, 
u G E. The A — .R-bimodule structure on E* is given by the right action of R defined 
by 0r = 0(e r )e*. Now, S = E ® A E* becomes an i?-ring, and thus we could take B = R 
without loss of generality (this was not formally the case in ^H], where the initial ring B 
was assumed to be unital). 

If E is firm as a left i?-module, then we have, following [15J, a natural isomorphism 



v : Hom A (E,-) ® R R ~ - ® A E* ® R R (h ® R r i-> h(e s ) ® A e* ® B r s ) (27) 



In view of (|2"7j) the adjunction (fT9")) leads, using the notation E^ = E* ® R R, to an 
adjunction 



-<X>ii£ 



<g> R E H - ® A Et 



(28) 



Mod 



Mod A , 



whose counit is 



e M : M® A E f ® fi E 



M 



(m ®a ®r r ®r x I— > m(f)(rx)), 



(29) 



16 



and whose unit is 

r] N : N N ® R E ®a S 1 " in i-» n r ® fl e s ® A e* ® fl r s ) 

From the adjoint pair (|28|) we have the comonad on Mod^: 

(- ® A E f ® R S, ®r S, e) (30) 

Evaluating at A, we obtain the A-coring A ® A £t ®_r E = £t ® R E with comultiplication 
At 

= ?M® A £t <8>.r £ and counity e^. Explicitly, 

A f (</> ® R r® R u) = (t> ® R s ® R e t ® A e* ® fl (r s )* ® R u 

£a{4> ®r t ®bu) = (j)(ru) 

Moreover, the comonad ()3()j) is determined by the comatrix coring (£t ® R E, At, e^), since 
the functor underlying to the comonad is a tensor product over A. 

Returning to the case where (E, g^) is an R — C-bicomodule, we have that the natural 
transformation ()23j) gives rise, by Proposition 11.11 to a homomorphism of comonads can 7 
defined (see (jEJ)) at (X, qx) by 

can x = (X ® A e A ® A €) o (X ® A £ f ® R g E ) 

Obviously, 

can x = X ® A cari^ 

where cant j s the ma p 

cant : E f (giR E ® B r <g) fl u h-> 0(ru[ O ])u[i] (32) 

which turns out to be a homomorphism of A-corings, because cant j s a homomorphism of 
comonads. According to Proposition ll.3l the functor — ® fl E : Mod R — ► Comod £ has a right 
adjoint that, over a right C-comodule (X, g x ), is defined as the equalizer in Mod^j of the 
pair (ax, Qx<S>A^ )■ An easy computation shows that, in the present case, ax = X® A a^, 
where 

a E t = (cant ^ vjt) ^ (33) 

From the diagrams (J2J) we get that (Et, ct s t) is a £— -R-bicomodule. In this way, the functor 
defined in Proposition II .31 becomes a cotensor product, as it is defined by the equalizer 

XDeP ^X(g) A ^— i X® A £® A ^ (34) 

From Proposition II .31 and Theorem 11.61 we deduce: 
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Theorem 2.9. \15\ Theorem 4-9] Let €. be an A-coring and £ a right (t-comodule, which 
is as well a left B -module. Let i : R — > £ ®a be a homomorphism of rings, where 
R is a firm ring. If ' £ is an R — £-bicomodule such that £ is firm as a left R-module, 
then the functor — £g>n £ : Mod/? — > Comod<r admits as a right adjoint the cotensor product 
functor — D^S^ : Comod£ — > Mod/?. This functor is faithful and full if and only if can''" : 
£' ®_r £ — ► £ is an isomorphism of A-corings and — <S>r £ : Mod^ — > Mod^ preserves the 
equalizers of the form (JB"^ . 

Theorem II . 71 boils down to: 

Theorem 2.10. Let £. be an A-coring and £ a right €-comodule, which is as well a 
left B-module. Let i : R — > E (Su S* fre a homomorphism of rings, where R is a firm 
ring. If E is an R — <£-bicomodule such that E /irm as a R-module, then the functor 
— ®_rE : Mod/j — > Comodc zs an equivalence of categories if and only i/can^ : E^®_rS — > £ 
is an isomorphism of A-corings, and — ®r E : Mod/j — > Mod^ reflects isomorphisms and 
preserves the equalizers of the form 

Remark 2.11. Start from a, B — (£-bicomodule E, with 5 and #1] firm, and consider a 
ring homomorphism t : B —>■ S = E <8>^ E* (that is, put B = R in the foregoing discussion, 
which essentially does not constitute a restriction, as we discussed before). This is just 
to say that the left multiplication ring homomorphism A : B — > T = End (Eg) factorizes 
throughout 5*, in the sense of the commutative diagram 

E ® A £* End(E A ) 

B -End(E e ) 

Now, since in this case the functors Hom £ (E, — ) <S>b B, — D^E' : Comod ff — > Mod^ are 
both right adjoint to — £§)# E : Mod^ — ► Comod£, then they are isomorphic. On the other 
hand, from the natural isomorphism v given in ([27)1. we get the commutative diagram of 
homomorphisms of comonads 

Hom j4 (E, -) ® B B ® B E »- - <g> A £t (g) B E (35) 

Therefore, can is a natural isomorphism if and only if can is an isomorphism 21, Theorem 
4.2]. In this way, we can add the following two statements to the list of equivalent conditions 
in Theorem 12 .3\ connecting Theorem 12.31 and [TH| Theorem 4.9]: 

iiv') can : £t ®b E — > £. is an isomorphism of corings and #£ is flat; 
(v r ) the functor — n^E^ : Comodc — > Mods is full and faithful. 

Analogously, in Theorem 12 .51 we can add the following equivalent condition, connecting 
Theorem 12.51 and [T5"| Theorem 4.15]: 

(W) can : £t ®# E — > (£. is an isomorphism of corings and is faithfully flat. 
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